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utline of the talk

> Introduction to the FPU model: definition and history of the
model, main literature, relation with the Toda lattice

» The wave-wave interaction approach: efficient resonant
interaction assumption, n-wave interactions, canonical
transformations, estimation of n-wave interaction timescales

» Numerical simulations: metastable states, equipartition
timescale estimation

» Conclusions and open problems
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Fermi, Pasta, Ulam (and Tsingou-Menzel) in Los Alamos

John Pasta (1909-1984)

MANIAC | (1952-1957) Mary Tsingou-Menzel
(1928- )
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The weakly nonlinear chain model (FPU system)

N equal masses m connected by the same weakly nonlinear spring

/,\ 2 / ~ 6/,\ e a 2 GA ~ 2y ~
\/ A AV VARV AV AV \/

j jt1

F~—Aq(y+ alg+ BAg°...)

The a-FPU system has equation of motion and Hamiltonian

mq.l = (qj+1 + gj-1— 2qJ) [7 + a(qj+1 - qul)] ) ./ = 1a ceey N

. r2 r3
H(p.q) = ZPJ +Z V(gjs1—q;), with V(r) = 5 +a§
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Normal modes of the non-dimensionalised a-FPU system

Assuming periodic boundary conditions, one introduces the discrete
Fourier transform and wave-action variable (normal mode)

N
o 1
Qu= 2o ae T and a= (P i Qo)

with Py = Qx, wi = 2|sin(rk/N)| and k = —N/2 +1,...,N/2

dal

] * * ok

/—dt =wiar t+¢€ Z Vip3| aazdi oz + 2a5a83013-2 + a5a301,—2-3
k2, ks

with the nonlinear parameter and scattering matrix are given by

€ = a71/4/m3/4\/2wk|ak(to)\2, V1,2,3 = —\/OJ1(/J2(.G3/ |:2\/§Sign(k1k2k3):|

The system is Hamiltonian with H(ay, ia}): idax/dt = dH/da;
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e Los Alamos report

STUDIES OF NON LINEAR PROBLEMS

E. Feru, J. Pasta, and S. Uram
Document LA~1o40 (May 1035).

A one-dimensional dynamical system of 64 particles with forces between neighbors
containing nontinear terms has been siudied on the Los Alamos computer Maxtac 1. The
nonlinear terms considered sre quadratic, cubie, and broken Hnear types. The results are
analyzed into Fourier components and ploited as a function of time.

The results show very little, if any, tendency toward equipartition of energy among
the degrees of freedom.
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Recent numerical work

J Stat Phys (2013) 152:195-212
DOI 10.1007/510955-013-0760-6

The Fermi-Pasta-Ulam Problem and Its Underlying
Integrable Dynamics

G. Benettin - H. Christodoulidi - A. Ponno

For small initial energy density two well separated time-scales are
present:

> metastable (quasi-integrable system)

» statistical equilibrium (non-integrable system)

FPU can be seen as a perturbation of the integrable Toda lattice
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The wave-wave interaction approach

Inspired by the wave turbulence theory which may be applied to any
weakly nonlinear dispersive system like waves in optics, plasma, ocean,
Bose-Einstein condensates [Wave Turbulence, Nazarenko (2011)]

The (long time) efficient energy transfer in the system is carried
only by the exact resonant n-wave interaction processes satisfying

kit ko £.... 2k, =0
w(ki) T w(ky) £ ... £ w(ky) =0
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The interaction representation

» for instance in a swing one has to push at the proper resonant
frequency in order to be efficient

» the same idea applies to normal modes where the nonlinear
interactions are seen like a forcing term

Introduce the following rotation a,(t) = ax(t)e“*, then

daj 2)

<491 1 inQMt 11 _iAQPt

Iidt =€ E V1’273 (82336 (51 243 +2 dy aze 51 3—2
ko, k3

+a/*a/*e/AQ t51 o 3) ,

#1 term: (5172+3 =k — ko — k3, AQ(I) =W — W2 —ws3.
#2term: S13 0=k + ko — k3, AQ®) = w1 +wr —ws.
#3 term: 517_2_3 =ki+k+k, AQO® — w1 + wa + ws.
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Non existence of exact triads interactions for a-FPU

Exact 3-wave resonant interactions need to satisfy

ki tk £ks=0
w1 :i:WQj:OJ3 207
given wy = 2|sin (wk/N) |

and discrete modes
k=-N/2+1,...,N/2

Using trigonometric identities one may show that 3-wave resonant
interactions are forbidden, that is the resonant manifold is empty!
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Canonical transformation to introduce 4-wave interactions

2 * % _%
H= E w1|al| + € E V17273 {(313233 + 813233)51724_3
k1 k1,k2,k3

1 k kK
+§(313233 + 313233)51,—2—3

Eliminate the cubic nonlinearity from the Hamiltonian using a
canonical transformation from H(ia, a*) to H(ib, b*)

a1=by+ ey (A ababadiois + AT b3bsdis
ko, k3

+AD) sb3b361, 2 3) + O(e),

where Agé?:f‘) = Vi23/(w1 £ w2 £w3).

M. Onorato, L. Vozella, D. P., Y. V. L'vov A route to thermalisation in the a-FPU system



The reduced 4-wave FPU system

The reduced Hamiltonian results in

~ 1

2 2

H = E w1|b1’ -+ 56 E T1,27374b1kb§b3b451+273+4
ki ki ,ka,k3,ka

+ {3 —1}+{1 — 3} +0(%).

Its equation of motion is then

f— =wib; + € T b5 b3 bsd
ar 1b1 E 1,2,3,40,030401423 14
ko, k3, ka

+e3 — 1} + {1 — 3} + 0(&),

that is it model where the first nontrivial order in € is given by
four-wave interactions
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Four-wave resonant interactions in the a-FPU

Do 4-wave resonant interactions exist in the a-FPU system?

» NO resonant interactions for 3 — 1 and 1 — 3 couplings

ki+ ko + ks = kg ki =ky+ ks + kg

witwrtws=ws w;=wr+wstws
» YES, for 2 «— 2 coupling

ki + ko = k3 + kg

w1 + w2 = w3 + wsg

if one considers the Umklapp scattering processes!
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Umklapp (flip-over) scattering in the Brillouin zone

Sketch of a normal process (N-process) and Umklapp process (U-process)
for a 3-wave interaction process

N-Process U-Process

Example of an Umklapp scattering in FPU with N = 32 (kpax = 16)

ki =2,ky =14, ks = —14, k, = 30 — outside the Brillouin zone
therefore the mode kg is flipped-over to ky = kg — N = —2.

M. Onorato, L. Vozella, D. P., Y. V. L'vov A route to thermalisation in the a-FPU system



Four-wave resonant interactions in the a-FPU

k1+k2—k3—k4g0

)
witwr—w3—wg=0

where & stands for the equality after the Umklapp process. It is
possible to show that the above system has solutions for integer
values of k

» Trivial solutions. all modes are equal to
either ki = ks, ko = ks or ki = kq, ko = k3
> Nontrivial solutions
{ki ko ks = —ki, ko = —ko }

with ki + kr = mN/2 and me Z
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Isolated 4-wave resonant interactions in the a-FPU

» 4-waves resonant interactions are isolated

ks k.
D__F_
O—D»

LL_Q bz

» no efficient mixing of all modes, meaning that no
thermalisation can be achieved via a 4-wave process!
» the Hamiltonian H truncated to 4-wave interactions, that is

O(€?), turns out to be integrable [Henrici & Kappeler in Commun.
Math. Phys. (2008), Rink in Commun. Math. Phys. (2006)]
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Six-wave interactions in the a-FPU

> not possible to perform a canonical transformation to higher order
because the denominators will vanishes

> check for exact resonances at higher order

.dby "
IF =w1 b +¢€ k;k T1,2,3,4b5b3b40142 314+
2,K3,K4

4
+e Z Wi ,2,3,4.5,60% b3 babsbed11 213 44546 + O(€)
Resonant conditions of 6-wave interactions are

ki + ko + ks — ko — ks — kg 2 0

Wit wr+ w3 —wg—ws—wg=20

and now non-isolated sextuples exist for integer values of k with
N =16, 32, 64!
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Solutions of the 6-wave resonant conditions

B . . .. .
> Trivial solutions: Nontrivial symmetric resonances

either all modes equal or {ki, ko, k3, —k1, —ka, —ks},
ki = kg, ko = ks, k3 = kg with k1+k2+k3:mN/2 and
, ' me Z.

» Nontrivial quasi-symmetric resonances

{kl, k2, k3, —kl, —kg, /(3}7 with ki + ko = mN/2 and me Z
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Estimation of the equipartition timescale t,,

The equipartition is a statistical feature and timescale should be
estimated from a statistical theory

— =wb E 1% b5 b3 by bs bgd
I . wiby + € 1,2,3,4,5,6 02 D304 D5060142+43,445+6

Introduce the wave action correlators

(bib2) = n(k1)dky K
(bybyb3babsbs) = J123.4.560k +ky+ks,katks+ke
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Estimation of the equipartition timescale t,,

The evolution equation for n(k)

8[7(/(1)
4
op € im [Z W1,2,3,4,5,6J1,2,3,4,5,65k1+k2+k3,k4+k5+k6]
with
4
Re[J123456] ~ € Wi23456
Therefore

8[7(/(1 8 Z

and the time of equipartitlon (themalisation) scales as

teg ~ 1/€®
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Numerical simulations

» symplectic integrator (H. Yoshida, 1990 Phys. Lett. A)
» numerical simulations with N=32 modes and y =m =1

> first example where the modes k1 =7, kp =9, ks = —7 are
initially perturbed

» two different initial conditions: (i) only modes k = + have
energy; (ii) modes k = £1, +£2,+3,4+4, +5

» different values of € to study the thermalisation time scale tq
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Numerical simulations: “short” timescale

0.025 —
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Here ¢ = 0.012 and 3 modes belonging to the same quartet
are initially excited: k1 =7, ko =9, ks = —7.
One is expecting that the Umklapp mode ks = —9 is going to be excited too.
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Numerical simulations: “large” equipartition timescale

0.025
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oUON
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0.015

0 210E 410E 6106 8106 110"'

Here € = 0.012 and 3 modes belonging to the same quartet
are initially excited: k1 =7, ko =9, ks = —
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Numerical simulations: thermalisation process
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Example of energy occupation of the modes at different timescales.
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. N -1
s(t) = Z felog fy  with f, = 7wk<|3k|2>7 Etor = Zwk<‘3k‘2>
k k

E; tot
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Entropy evolution for systems having different nonlinearity € versus time.
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Equipartition time t,, and collapse of entropy curves

10°

0.05 0.06 0.07 0.08 0.09 01 £
Red and green dots represent Entropy evolution for systems
different perturbed initial having different
conditions: nonlinearities € versus rescaled time
. . 8
The straight line corresponds to et

power law oc 1/€8.
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Conclusions

> resonant triads are forbidden; this implies that on the short
timescale 3-wave interaction will generate a reversible
dynamics

» define a suitable canonical transformation allows us to look at
higher order interactions in the system which are responsible
for longer timescale dynamics

» 4-wave resonant interactions exist; however, we have shown
that each resonant quartet is isolated, preventing the full
spread of energy across the spectrum and thermalisation

> the first significant interaction is the 6-wave one; at the
timescale of these interactions one observes the thermalisation
(energy equipartition phenomenon)
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Open problems

» derive a rigorous kinetic equation by designing an ad hoc
canonical transformation that is not divergent

> extend this idea to other quasi-integrable systems
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