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The weakly nonlinear one-dimensional chain model

N equal masses connected by a weakly nonlinear spring
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The result expected by Fermi and collaborators

Equipartition of linear energy in Fourier space for large times )
| V-1 . | V-1 -
wkj TR)
Qr=—> qe ' 8, Po=—= pie’ ~,
then

Ep = |Pe|* + wi|Qu|* = const
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e Los Alamos report

STUDIES OF NON LINEAR PROBLEMS

E. FErwI, J. PasTa, and S. ULam
Document LA~1940 (May 1935).

A one-dimensional dynamical system of 64 particles with forces between neighbors
containing nondinear terms has been studied on the Los Alamos computer Maniac 1. The
nonlinear terms considered are guadratic, cubic, and broken linear types. The results are
analyzed lnte Fourler componcats and plotted as a function of time.

The results show very little, if any, tendency toward equipartition of energy among
the degrees of freedomr,
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Following up on the “little discovery”

@ Soliton theory
o Theory of integrable PDEs

@ Hamiltonian Chaos



Some years after FPUT: solitons and integrability in

physics

In the limit of long waves (continuum limit) the a-FPUT system reduces
to the Korteweg-de Vries (KdV) equation:
on . 9n &1
e+ ot =0
ot Or  0x3

VoLuME 15, NUMBER 6 PHYSICAL REVIEW LETTERS 9 AucusT 1965

INTERACTION OF “SOLITONS” IN A COLLISIONLESS PLASMA
AND THE RECURRENCE OF INITIAL STATES

N. J. Zabusky
Bell Telephone Laboratories, Whippany, New Jersey

and

M. D. Kruskal

Vorume 19, NuMBER 19 PHYSICAL REVIEW LETTERS 6 NOVEMBER 1967

METHOD FOR SOLVING THE KORTEWEG-deVRIES EQUATION*

Clifford S. Gardner, John M. Greene, Martin D. Kruskal, and Robert M. Miura
Plasma Physics Laboratory, Princeton University, Princeton, New Jersey
(Received 15 September 1967)



Numerical simulations of the KdV

ZK showed, besides recurrence, the formation of train of solitons
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Experimental demonstration
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Media File (video/mp4)


FPUT recurrence in shallow water

Fourier amplitudes (a.u.)
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(Trillo et. al PRL 2016)
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Open questions

... but FPU is not an integrable system...

@ Does the system thermalize for arbitrary small nonlinearity?
o If yes, what is the time scale of thermalization for finite N7
@ What is the thermalization time scale in the thermodynamic limit?

@ How does thermalization time scale depend on the number of
particles?



The models

o a-FPUT

Gj = (g1 + @1 — 2¢;) + o [(gj41 — ;)% — (gj—1 — qg')2]

o B-FPUT

Gj = (gj+1 + 451 — 2¢5) + B [(¢j+1 — 4)° — (@51 — ¢;)°]

o Discrete Nonlinear Klein Gordon (DNKG)

Gj = (g1 + 41 — 2¢5) — a4 — 94},

@ Toda Lattice

i = 5 (epl20gss1 — 47)] — expl2a(g; — 5-1)



The linear and the weakly nonlinear regime

Linear regime
o For a-FPUT, 5-FPUT, Toda

wi = 2|sin (k7 /N) |
o For DNKG

Wi, = \/1 + 4sin (k /N)?

Weakly nonlinear regime

BNgNasz



Normal modes

Assuming periodic boundary conditions, we introduce the wave action
variable

1
ag m(kak +1 k‘)a

with P, = Q and wy, = 2|sin(wk/N))|
Because of the absence of three wave interactions, i.e.:

ki £k tks=0
LU1:|:LU2:|:CU3760

quadratic nonlinearity can be removed from a-FPUT and Toda.



Same (approximate) Hamiltonian for all 4 models

==

N-1

2 1

= Z wk|ak| + € Z [T1(’2)73’4(a’{a2a3a4 + C.C.)51_2_3_4+
k=0 k1,ka,k3,k4

1 . % 1
+ §T1(’22)’3’4a1a2a3a451+2,3,4 + Z—LTl(?Q),3’4(a1a2a3a4 + C.C.)51+2+3+4]
with
O14o43+4 = 0(k1Ehothstks), a; =a(ki,t), Tioza=T(ki, ko, ks, ks)

EN/BNgNa2

Starting point for statistical theory (see Nazarenko 2011)



The thermodynamic limit

L
N — o0, L— oo with N:Ax:const

Then the dispersion relations become:

we = 2|sin(k/2)|, wx =+/1+ 4sin(k/2)?

with x € R. The following 4-wave resonant interactions are satisfied:

K1+ Ky — Ky — kg =0

witwr—wg—wyg =0

Standard Wave Turbulence can be developed



The Wave Kinetic Equation

@ Look for an evolution equation for the correlator
< a(ki, t)a(kj, t)* >=n;0(Kk; — k)
with n; = n(k;, t)

@ Assume random initial phases and amplitudes

on(ki,t)
ot = J(H}l,t)
J(k1,t) = ¢ /% T2, 5 yn1nanang <i + o1 i) O(AK)O(Aw)dke
0 o ny nz N3y N4 ’

(AK) = K1 + K2 — K3 — K4
(Aw) = w(k1) + w(k2) —w(k3) — w(ka)



The Wave Kinetic Equation

Conserved quantities:

2w 2m
E:/ w(k)n(k,t)dk, N:/ n(k,t)dk,
0 0
Existence of an H-theorem:
2w
dH
H=/ In(n(k,t))dr, with — <0
0 dt
The Rayleigh-Jeans distribution
dH/dt =0 —n(k,t) = ———
/ n(k,t) RO

Thermalization time scale: 1/¢?



Small N regime

wi = 2|sin(rk/N)| with k € Z

k‘1:|:k‘2:|:k‘3:|:k420 (modN)

wlﬂ:wgiW3ﬂ:w4:0

It can be shown that only the following interactions are possible (of
Umklapp type):

ki+ky—ks—kys=0 (modN)

Wi twr—w3—wy =0



Umklapp (flip-over) scattering

N-Process U-Process
K,
3
k. . . ek
. -

Normal process (N-process) and Umklapp process (U-process).

Example of an Umklapp scattering with N = 32 (k40 = 16),
k1 =7 ky =09, k3 =—7, ky = 23 — outside the Brillouin zone, therefore

the wave-number is flip-over k) = k4 — N = —9



Small N regime

For N power of 2, the above system has solutions for integer values of k:

@ Trivial solutions: all wave numbers are equal or
ki =ks, ko ="ky, or ki =ks, ko=ks

@ Nontrivial solutions:
N N
(i, o g, K} = {kl, 5 RN kT kl}

with k1 =1,2,...,|N/4|
However....
@ Four-waves resonant interactions are isolated

o No efficient mixing (and thermalization) can be achieved via a
four-wave resonant process (for weak nonlinearity)



Removing non resonant interactions

N—-1
H
v Z wk|ak|2 + € Z [Tl(};,374(afa2a3a4 +c.c)01—9_3_4+
k=0 k1,k2,k3,ka
1 1
+ —_ —

2 3
2T1(72)7374afa’2‘a3a461+2_3_4 + 4T1(72)7374(a1a2a3a4 + C.C.)(51+2+3+4]

Eliminate the non-resonant terms from the Hamiltonian using a
near-identity (canonical) transformation from {ia,a*} to {ib,b*}

a; =by +¢ Z (382)73,4521?35451—2—3—4 + 35?2),3,4b§b3b451+2—3—4+
k2,k3,ka

+ B§?2),3,4b§b§b451+2+3—4 + B§?3,3,4b§b§b251+2+3+4) +0(e)

with 31’2’374 ~ T1,2,3,4/(w1 +wy twsy £ (.U4).



Removing non-resonant four-wave interactions: the

appearance six-wave interactions in the S-FPUT

o check for exact resonances at higher order

.dby
i =wibite > Tio3ab3bsbabiia s at
ka,ks,ka

+ 8> Wia3456b5b304b5D601 4243456
Resonant conditions:
ki +ko+ ks —kys—ks —ke =0 (modN)
W) twetwg—wsg—ws—ws=0
Non-isolated solutions exist for integer values of k with arbitrary V.

— ~ €

dt



Estimation of the equipartition time scale for incoherent

Wwaves

Look for the evolution equation of < b(k;,t)b(k;,t)* >= n(k;,t)d;—;

% ~ € < Bib3bbabsbe >
d < bibsbibsbsbe >

dt

~ €2 < bibsbibibsbebrbg >

therefore

W ~ € ....

and the time of equipartition scales as

toq ~ 1/€* }




Numerical simulations (Symplectic integrator (H. Yoshida,

1990 Phys. Lett. A) )

@ Example of Umklapp resonance
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Media File (video/mp4)


Numerical simulations
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Example of thermalization for a-FPUT with N=32,
€ = 7.3x1072 (1000 realizations)

e =0
4 t=5101
m t=3510°
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Scaling in time
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Example of equipartition:
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Entropy: B-FPUT, e = 7.05 x 1072, N = 32

. N -1
)= frlogfr with fi= H, w {lax*), Ho= Zwk |ak[?)
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Equipartition time as a function of ¢
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DNKG equation: from discrete to the Large Box Limit
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Figure: The scaling of T4 on € for multiple values of N, with m =1 and
E =0.1N/32. Scaling laws ¢~2 and ¢~ in red dotted and black dash-dotted
lines for reference.



Equipartition time as a function of e: « — FPUT N=64
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Equipartition time as a function of e: § — FPUT N=64
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Equipartition time as a function of e NLKG N=64
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Equipartition time as a function of e: a« — FPUT N=1024
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Equipartition time as a function of e: § — FPUT N=1024
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Equipartition time as a function of e: NLKG N=1024
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